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Abstract. We present a construction of framed torsion free instanton sheaves 
on a projective variety containing a fixed line which further generalizes the 
one on projective spaces. This is done by generalizing the so called ADHM 
variety. We show that the moduli space of such objects is a quasi projective 
variety, which is fine in the case of projective spaces. We also give an ADHM 
categorical description of perverse instanton sheaves in the general case, along 
with a hypercohomological characterization of these sheaves in the particular 
case of projective spaces. 

1. Introduction 

An unexpected connection between theoretical physics and algebraic geometry 
appeared in the late 1970's, when Atiyah, Drinfeld, Hitchin and Manin provided 
a complete classification of instantons on the 4-dimensional sphere S* 4 using alge- 
braic geometric techniques. More precisely, these authors used the Penrose- Ward 
correspondence between instantons on S and certain holomorphic vector bundles 
on P 3 together with a characterization of holomorphic vector bundles on P 3 due to 
Horrocks [2]. 

Nowadays, such link between theoretical physics and algebraic geometry can be 
found many forms, perhaps the most prominent of which is the so-called Hitchin- 
Kobayashi correspondence. 

Later, Donaldson noticed in [10] that (framed) instantons on S 4 " were also in cor- 
respondence with (framed) holomorphic bundles on P 2 , while Nakajima considered 
in [35] framed torsion-free sheaves on P 2 . 

On a different direction, Mamone Capria and Salamon [32] generalized the 
Penrose- Ward correspondence to a correspondence between quaternionic instantons 
on HP fc and certain holomorphic vector bundles on p 2fe+1 . This paper motivated 
Okonek and Spindler to introduce the notion of mathematical instanton bundles on 
p2fc+i |^7] . Since then, such objects have attracted the attention of many authors, 
see for instance [T] [35] and the references therein. 

More recently, the following generalization of mathematical instanton bundles 
was proposed in [25] : an instanton sheaf on P™ (n > 2) is a torsion free sheaf E 
which is the cohomology of a linear monad of the form: 

(l) CV(~l) ffic — > 0® a — > £V(-l) ec . 

When so, c = h}{E{—l)) and is called the charge of E, while a = 2c + r where r 
is its rank. In general, a sheaf E on P™ is said of trivial splitting type if there is an 
isomorphism <fi : E\t —> Of r for some line f C P", and, if so, the pair (E, <j>) is called 
a framed sheaf. With these definitions in mind, a mathematical instanton bundle 
in the sense of [U [37] is a rank 2k locally free instanton sheaf on p 2fc + 1 of trivial 
splitting type. Moreover, the framed torsion free sheaves considered by Nakajima 
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in his extension of Donaldson's classification of framed holomorphic vector bundles 
[35] Ch. 2] are precisely the framed instanton sheaves on P 2 . Similarly to what was 
done in these two cases, cohomological characterizations of torsion free instanton 
sheaves on P™ can be found, for instance, in [7l 125). 

The concept of framed instanton sheaf readily generalizes from a projective space 
to a projective variety Y containing a line i C Y, simply by substituting Y for P™ in 
the monad above. This idea has already been explored, for instance, in L. Costa and 
R. M. Miro-Roig's [7J. The goal of this paper is to present a construction of framed 
torsion free instanton sheaves on Y which further generalizes the construction of 
framed torsion free sheaves on P 2 done in [TO] [35] and on P 3 [12] ; these are in turn a 
generalization of the original ADHM construction of instantons [2] [10] . A research 
announcement outlining the case Y = P n appeared in [26] . 

In this way, we provide an explicit parametrization of the moduli space of framed 
instanton sheaves on Y via matrices satisfying certain quadratic equations. The first 
step is generalizing ADHM data and even the very ADHM equation, which we do in, 
respectively, Sections 12 . 1 1 and 12 . 2 1 Afterwards, we build the quotient ADHM variety 
My of stable points in Section 12.31 as a natural candidate variety for the moduli 
problem. We prove in Theorem [378] that an open set within A4y, consisting of what 
we call globally weak stable points, is indeed in 1-1 correspondence to isomorphism 
classes of framed torsion free instanton sheaves on Y (with fixed rank and charge) ; 
hence the moduli of framed torsion free instanton sheaves in Y is a quasi projective 
variety since My is so - A more general statement holds in the case Y = P™. In 
fact, we prove in Theorem 14.21 that the moduli space of framed instantons bundles 
on P™ is fine. 

Motivated by [S] [3U] j we also consider perverse instanton sheaves on Y in Section 
[5] generalizing what was done by the second and third named authors in [29] . More 
precisely, A. Braverman, M. Finkelberg and D. Gaitsgory proved a result due to 
Drinfeld, [5] Thm. 5.7], which extended Nakajima-Donaldson's discussion from 
torsion free to perverse sheaves on P 2 . Recently in |20) . M. Hauzer and H. Langer 
discussed perverse instanton sheaves on P 3 generalizing the ADHM construction of 
framed torsion free instanton sheaves in |12] , together with a more refined study of 
stability. Here, we further generalize the results in these two papers. 

Roughly speaking, perverse instanton sheaves are complexes of sheaves of the 
form (fTJ) regarded as objects in the core of particular t-structures on D b (Y) con- 
structed in Subsections 15.21 and 15.31 The extension of the theory from torsion free 
to perverse instanton sheaves corresponds to disregard the "globally weak stable" 
condition on ADHM data satisfying the ADHM equation. This is the content of 
Theorem l5.91 a connection between what we call the ADHM category and the one of 
perverse instanton sheaves. Again, in the very case where Y = P™ it is also possible 
to give a hypercohomological characterization of perverse instanton sheaves which 
generalizes the well known cohomological characterization of torsion free instanton 
sheaves. This is Theorem 15. 131 which closes the paper. 
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2. Generalized ADHM Data 

For the remainder, Y is a projective scheme in P n = P^ which contains a line £. 
Fix homogeneous coordinates (z$ : . . . : Zd : x : y) € P™ where d = n — 2 such that 
I is given by the equations Zq = • • • = Zd = 0. Set 

H Y := (z ,...,z d ) cH°(Oy(l)). 

2.1. The ADHM Data. Let V and W be complex vector spaces of dimension, 
respectively, c and r. Set 

A := End<y) ffi2 © Hom(W, V) A' := End(V) ffi2 © Hom(V, W) 

B = B(W, y) = B(r, c) := A x A' 
and consider the affine spaces 

A Y := A <g) H Y A Y := A' ® H Y 

B Y = B ¥ (W, V) = B Y (r, c) := A Y x A Y 

A point of B Y will be called in this paper an ADHM datum over Y. The ADHM 
data over Y = P n were considered in [26] in a slightly different way; it will be 
the most relevant case in the present paper. It is important to point out that the 
subspace (x,y) C H (O Y (l)) will play no special role until Subsection 12.21 

One can write a point of X G B Y as 

X=(Y,Y') 

with 

Y = {A,B,I) Y' = {A',B',J) 
where the above components are 

A = A ® z H h A d ® z d A' = A' ® z H h^®z<i 

B = B ®z -\ VB d ®z d B' = B' ®z -\ V B' d ® z d 

I = I ® z H Vld®z d J = J <E> z -\ h J d (g) z d 



with A k ,B k ,A' k ,B' k G End(y), 7 fc G Hom(T^, V) and J fe G Hom(V;W). Hence we 
naturally regard A, 5, A', £?' G Hom(V, V<8>Hy), and also 7 G Hom(W, V ® H Y ) and 
J G Hom(V, W (g) H Y ). Setting Y k := (A fe , B fe , 7 fe ) G A and Y£ := (A' fe ,7^, J fe ) G A', 
sometimes it is convenient to write 

Y = Y Q ®z + ... + Yd®Zd = {Y 0l ...,Yd)e A d+1 

y' = Yq (g> zq + . . . + y^ z d = (r ', ...,yj) G (A') d+1 

and consider the ADHM datum as 

x = g A d+1 x (A') d+1 . 

For any P G Y we define the evaluation maps given on generators by 

ev^ : A Y — > P(A) evf, : A Y — > P(A') 

Note that Zj(P) G C depends on a choice of trivialization of C Y (1) at P but 
the class on projective space does not. We set Yp := cvp(Y) and, similarly, 
Y' P := evp(y'). In particular, Ap, Bp, A' P , B' P , Ip and Jp are defined as 
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well. For any subspace S C V, we are able to naturally well define the subspaces 
Ap(S),Bp(S),A' P (S),B' P (S),I P (W) and ker J P of V. We also consider 

ev P : B Y — > P(A) x P(A') 
{YX) —> (Yp,Y p ) 
and set Xp := evp(X). With this in mind we define the following. 

Definition 2.1. Let Y = (A,B,I) G A Y and Y' = (A',B',J) G A^. Let also P 
be a point in Y. 

(i) Yp is said stable if there is no proper subspace S C V for which hold the 
inclusions A P (S),B P (S),I P (W) G S; 

(ii) Yf> is said costable if there is no nonzero subspace S C V for which hold 
the inclusions A' P (S), B' P (S) G S G ker J P ; 

(iii) Y P is said weak stable if there is no subspace S G V of codimension 1 for 
which hold the inclusions A P (S), B P (S), I P (W) G S; 

(iv) Y' p is said weak costable if there is no subspace S G V of dimension 1 for 
which hold the inclusions A' P (S), B' p (S) C S C ker J P ; 

(v) Y is said stable if there is no proper subspace S G V for which hold the 
inclusions A(S),B(S),I(W) C S <g> H ¥ ; 

(vi) Y' is said costable if there is no nonzero subspace S C V for which hold 
the inclusions A'(S), B'(S) C S ® Hy and S C ker J; 

(vii) Y is said locally (resp. globally,) stable (corresp. weak stable^ if Y P is 
stable (corresp. weak stable) for some (resp. every) P G Y; 

(viii) Y' is said locally (resp. globally^ costable (corresp. weak costable,) if Y P 
is costable (corresp. weak costable) for some (resp. every) P G Y. 

We are now able to introduce the key definitions of this paper. 

Definition 2.2. The datum X = (Y, Y') G B Y is said 

(i) stable (resp. locally stable, locally weak stable, globally stable, globally 
weak stable ) ifY is stable (resp. locally stable, locally weak stable, globally 
stable, globally weak stable); 

(ii) costable (resp. locally costable, locally weak costable, globally costable, 
globally weak costable ) if Y' is costable ( resp. locally costable, locally weak 
costable, globally costable, globally weak costable); 

(iii) regular (resp. locally regular, locally weak regular, globally regular, globally 
weak regular,) if it is both stable and costable (resp. locally stable and locally 
costable, locally weak stable and locally weak costable, globally stable and 
globally costable, globally weak stable and globally weak costable). 

Remark 2.3. For Y = P 2 , i.e., By = B, stability, costability and regularity 
essentialy coincide with the usual notions for ADHM data (cf. j3SJ Thm. 2.1]). For 
Y = P", the present notions of global stability and global regularity correspond, 
respectively, to stability and regularity in [TH p. 29] and Def. 2.1]; global 
stability along with regularity here correspond to semiregularity in jTH ; and the 
present notions of stability, costability and regularity have no parallel in [121 [26] . 

Definition 2.4. Let Y = (A,B,I) G A Y and P G Y. The stabilizing sub- 
space Sy P is the intersection of all subspaces S G V for which hold the inclusions 
A P (S), B P (S), I P (W) C S. The stabilizing subspace Sy is the intersection of all 
subspaces S G V such that A{S), B{S), I(W) G S (g> H Y . 
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If S C V satisfies A(S), B(S),I(W) C S ® H Y , then one may consider 



Y\ s := (A\s,B\ s ,I)&A Y (W,S). 



It is clear that Y\s Y is stable and this justifies the term we use. A similar state- 
ment holds for points, that is, if Yp|s := evp(Y\s) then Yp\s Yp is stable as well. 
Moreover, Y is stable if and only if Sy = V and Yp is stable if and only if Sy p = V. 

Proposition 2.5. Sy p C Sy for every Fe¥. In particular, if Y is locally stable 
then it is stable. 

Proof. Let S C V and consider Y C P". Then A(S) C S <g> H ¥ if and only if 
Ai(S) C S for i = 0, . . . , d, which holds if and only if J2f =0 PiAi(S) C S for every 



P = (Po : • • • : Pd ■ a, : b) G P™. So applying the same to B and / we see that 
A(S),B(S),I(W) C 5 ® H Y if and only if A P (S), B P (S), I P {W) C S for every 



In Sec. 6.1] there is an example, with c = 2, r = 1 and Y = P 3 , for which 
the converse of the above proposition does not hold, that is, there exists a stable 

Y G Ap3 such that Y p is not stable for every P G P 3 . Equivalently, there exists 

Y G Ap3 such that Sy p S SV = 1/ for every P G P 3 . So one may ask if, in general, 
at least Ty := J2 P eY Sy p = Sy. If c = 1 and Y is reduced, this trivially holds. If 
c = 2, as in the example of [20], and Y is integral, this holds as well. In fact, write 

Y = (A, B, I) and note that for every P G Y hold: I P (W) C Sy p and, also, I P = 
if and only if Sy p = 0. Besides, Sy — if and only if I = 0. But the entries of I 
are sections in H°(Oy(1)) and Y is reduced, thus Sy = if and only if I P = for 
every P G Y. Set L Y := £ PeY /p(W0. If L Y = then T Y = Sy = 0; if L Y = V 
then T Y = S Y — V; and if dim(Ly) — 1 then either exists P G Y such that I P (W) 
is not invariant by A P or Pp and then S Yp = V which implies T Y = Sy = V, or, 
otherwise, Ty = Sy — Ly since Y is irreducible. 

The above assumption on Y to be reduced for c = 1 is necessary. In fact, take 

Y to be the nonreduced variety given by z 2 = in P 2 = Proj C[z , x, y}. Then 
zq G H°(Oy(1)) is not the zero section but vanishes at every point of Y. So if r = 1 
as well and Y is such that / = (zo) then Sy cannot be zero. On the other hand, 
I P = for every P G Y, so Sy p = and hence Ty = 0. 

The variety Y needs also to be irreducible for the case c = 2. In fact, take Y 
to be the reducible variety given by z zi — in P 3 = Proj C[z , z 1; x, y\. Consider 

Y = (A, B, I) G A Y (1, 2) where 



and B = 0. Let P = (p : pi : a : b) G Y. If p Q ^ then I P {W) = N := ((1, 1)) and 
N is also Ap-invariant because p\ = 0; hence Sy p = N in such a case. If po = 
then Sy p = 0. Hence Ty — N. On the other hand, if N = Sy then, in particular, 
A(N) c#8 H Y ; but 



P G P™. The result follows. 



□ 




A(N) = {(zq + zx,z )) <£ ((z , z ), (zi,zi)) 



N ® Hy 



which implies that Ty S Sy- 
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For c = 3, we can have Ty £ Sy even when Y = P 3 = Proj C[zo, Zi, x, y\. In 
fact, consider Y — (A,B,I) £ Ap3(l,3) where 



A = Zi Zn I 





and B = 0. Use [H Lem. 3.2. (i)] to get S Yp = £ 2 =0 A Wp( W ) and compute 
A/ = 2z Z! (A) 2 / = 





Let P = (p : pi : a : b) <= P 3 . If p ,Pi ^ then Sy p = TV := ((1, 1, 0), (0, 0, 1)). 
If p = (resp. pi = 0) then 5y p = ((0,0,1)) (resp. S Yp = ((1,1,0))). Thus 
T Y = N. However, if N = Sy then, as seen above, A(N) C N ® H Y ; but 

A(N) = ((2z 1 ,z 1 ,0),(0,z ,2z 1 )) 

£ ((z o ^o,0),(0,0,z o ),(z 1 ,z 1 ,0),(0,0,z 1 )} 
= iV(g)H ¥ 

which implies that Ty C 5"y. 

We define Bj, B^ s , B^, B| ws , Bf 3 , B| wr and B| r as the subsets of By consisting 
of stable, locally weak stable, locally stable, globally weak stable, globally stable, 
globally weak regular and globally regular ADHM data over Y, respectively. Clearly, 
each of these sets are open subsets of By (in the Zariski topology), and one has 
strict inclusions 

B| r c Bf c BV S 

n n n 

B| wr c B| ws c BV WS c Bf 

2.2. The ADHM Variety. One of the main goals of this paper is to consider, for 
data X = ((A, B, I), (A', B' , J)) e By, the generalized ADHM equation 

(2) AB' - BA' + IJ + (B' - B) <g> x + (A - A') ® y = 

which we also call the ADHM equation over Y. 
Considering the map 

By — > End(V) ®H (O Y (2)) 

X i — > AB' — BA 1 + IJ + (B' - B)®x+{A- A')®y 

we set the space of all solutions to the ADHM equation over Y as 

Vy = V Y {W,V) = Vy(r,c) := ^(0) 

which is an affine variety. We call it the ADHM variety over Y of which we select 
the subvarieties 

n n n 

v| wr c v| ws c v^ s c vf 

consisting of globally regular, globally stable, locally stable, globally weak regular, 
globally weak stable, locally weak stable and stable points of Vy. 
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Example 2.6. The most relevant case is Y = P™. When so, note that if X = 
((A,B,J),(A',B',I)) e Vp" then necessarily A = A' and B = B'. So one may 
write the datum as X — (A, B, I, J) and the ADHM equation as 

[A, B] + I J = 

as extensively done in the literature. For instance, note that, for Y = P 2 , ([2]) reduces 
to the most usual one taken in End(V). The case where Y = P 3 was considered 
in [TU1 [T2] in the context of Yang-Mills theory and the Penrose correspondence. It 
can be written as follows: 

[A ,B }+I Jo =0 
[A u B 1 ] + I 1 J 1 = 

[Ao.Bi] + [B , Ai] + I Ji + h Jo = 

which were called complex ADHM equations in [121 Eqs. 7-9]. More generally, in 
Y = P™ = p rf + 2 ? Q can be broken down into ( d ^ 2 ) equations involving the linear 
maps Aft, B k , I k and J k : 

[A k ,B k }+I k J k = k = 0,...,d 

[A k ,B m ] + [B k ,A m ] + I k J m + I m J k = k < m = 0, . . . , d 
to which we refer here as the d- dimensional ADHM equations. 

Example 2.7. Consider the case where Y = S C P 3 = Proj C[zo, z\, x, y] is the 
scroll given by the equation 

zqu — z\x = 

which is isomorphic to P 1 x P 1 . It is easily found data in S which do satisfy the 
ADHM equation though not satisfying the conditions A — A' and B — B' . In fact, 
let X = ((A, B, I), (A', B', J)) e B s be such that 

A = C®z Q B = C®z 1 A' = B' = J = 

where C is a c x c matrix. Then 

AB' - BA' + IJ + (B' -B)®x+(A-A')®y= (-C <g> z\) ® x + (C ® z ) ® y 

= {z y - z\x)C = 0. 

The coordinates ADHM equations in this case are: 

A B' - B A' + I J = 

A 1 B[-B 1 A' 1 +I 1 J 1 = 

A B[ - B A[ + A X B' Q - BiA' + I ,h + I X J Q = 

Ai = A\ B = B' A - A' = B x - B[. 

Example 2.8. Now consider the hyperquadric ¥ = Q C P 4 = Proj C[zo, z i, z 2, x, y] 
given by the equation 

zay + Z\X + zf = 0. 
Let X = ((A, B, I), {A',B\ J)) e Bq be such that 

A = C ® z B= -C®zi I = 1' ®z 2 A' = B' = J = J' ® z 2 
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where C,I',J' are, respectively, cxc, cxr, rxc matrices such that C = I' J'. 
Then we have 



and so here on finds data in the ADHM variety not satisfying the conditions A = A', 
B = B' either. The coordinates ADHM equations in this case are: 



A B' Q - B A' + I Q J Q = 
A 1 B[ - BiA; +7iJi = 
A B[ - B A[ + A 1 B' a - BiA' + J Ji + h Jo = 
A B' 2 - B A' 2 + A 2 B' Q - B 2 A' + I Q J 2 + I 2 J Q = 
A X B 2 - B X A' 2 + A 2 B[ - B 2 A[ + hJ 2 + I 2 J 1 = 
A 1 = A\ A 2 = A' 2 B = B' Q B 2 = B 2 
A 2 B' 2 - B 2 A' 2 + I 2 J 2 =A Q -A' Q = B[-B 1 



2.3. The Quotient ADHM Variety of Stable Points. The importance of the 
ADHM variety will be clear in the next sections and has to do with the very aim 
of this work, that is, the construction of framed instanton sheaves by means of 
ADHM data. In fact, we will see how to build such sheaves from points of W; how 
to establish a correspondence between points of V| ws and torsion free instanton 
sheaves and, also, how to even get a moduli space of instanton bundles on P™ from 
points of Vpl. In order to do so, we introduce an action of G :— GL(V) on By- 



Given g E G, Y = (A, B, I) G A and Y' = (A', B' , J) E A' one defines 
g-Y:=(gAg-\gBg-\gI) 
g-Y' ■.^{gA l g-\gB l g-\jg- 1 ). 



The action naturally extends to By as 

g- (Y (8) z, Y' ® w) = ((g -Y)®z,(g- Y') ® w) 
for any Y E A, Y' E A' and z, w E H Y . 

Proposition 2.9. If X E By is stable, then its stabilizer subgroup Gx is trivial. 

Proof. Write X = (Y, Y') with Y = (A, B, I). If G x is nontrivial, take g ± l v in 
Gx- Since / ^ because X is stable and also gl = I, then S := ker(g — ly) is 
proper and A(S), B(S), I(W) cS®H Y which contradicts the stability of X. Thus 
Gx is trivial. □ 

The action of G on Y naturally restricts to W, and induces an action of G 
on r(VV), the ring of regular functions of W- Fix I > and consider the group 
homomorphism \ : G — >• C* given by x(s) = (detg) . This can be used to lift the 
action of G from Vy to Vy x C as follows 



AB' - BA' +IJ+(B' -B)®x + (A-A')®y 
(/' (gi z 2 ) ® (J' ® z 2 ) + (C ® zx) ® x + (C ® z ) ® y 

zj(I'J') + ( Zl x + z 2 y)C 
(z y + zix + z 2 )C 



















(3) 



g-(X,z) := (g-X^igy'z) 
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for any X € Vy and z G C. Then one can form the variety 




The GIT tells us that Vy// x G is the space of orbits G ■ X C Vy such that the lifted 
orbit G ■ (X, z) is closed within Vy x C \ {0} for all z^O. 

Proposition 2.10. The orbit G ■ (X,z) is closed for z / i/ and only if X is 



Proof. The usual proof of the case Y = P 2 generalizes to the current framework. 
Take X = (Y, Y') with Y = (A, B, I) and, first, assume that the orbit G ■ (X, z) is 
not closed. Then there is a nontrivial one parameter subgroup A : C* — > G such 
that the limit 



exists but does not belong to the orbit G ■ (X, z). 

Take a weight decomposition of V with respect to A, so that V = ® m V(m). The 
existence of the limit implies that 



Set S = (B n >oV{n), so that A(S), B(S), I(W) C S ® H Y . We claim that 5 is a 
proper subspace of V , which implies that X is not stable. Indeed, the existence of 
the limit (gj implies that det X(t) = t N for some N < 0. If N = 0, then actually 
A(i) = ly and V = V(0), which contradicts the fact that the limit (j4]) does not 
belong to the orbit G ■ (X, z). Hence N < 0, which implies that S is proper, as 
desired. 

Conversely, assume that X is not stable. Then there exists a proper subspace 
S C V such that A(S),B(S),I(W) C S §5 Hy. Taking any subspace T c V 
such that V = S ® T, the maps A, B and I may be written, with respect to this 
decomposition, as follows 



stable. 



(4) 



(L,w)= JimA(i) • (X,z) 



A(V(m)),B(V(m)) C (®„> m V(n)) ® H Y , 
J(W0 C (©„> V(n))®H Y . 




Defining the 1-parameter subgroup A : C* — >■ G as 




note that 




-l 




and X(t)I = I. 



It follows that L — lim t ^o A(t) • X exists. Thus 



limA(t) • (X,z) = (L,0), 



which means that the orbit G ■ (X, z) is not closed within Vy x C \ {0}. 



□ 
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From the above proposition, we are able to introduce a variety which will play a 
central role in Section 01 namely, the quotient ADHM variety of stable points over 
Y, defined as 

» /st »/st/ \ f stable solutions of the 1 /„ ,, ~ 
* = M *<T> C ) := { ADHM equation J / 

So .My = ^y/G is a quasiprojective variety. Note that we may consider the 
following sequence of varities 





c 




c 


M l 4 


n 




n 




n 


MS" 


c 




c 





c M$ 

consisting of globally regular, globally stable, locally stable, globally weak regular, 
globally weak stable, locally weak stable and stable orbits of .My. The next natural 
questions are to determine whether M s £j is irreducible and nonsingular, and to 
compute its dimension . If My is not irreducible, one would like to characterize and 
count its irreducible components. If My is singular, one would like to characterize 
the singularity locus. We ask some of these questions for the case of projective 
spaces in Section |U Notice that since G acts freely and properly on Vy , it follows 
that My is irreducible/nonsingular if and only if Vy is irreducible/nonsingular, 
and that 

dim Mf (r,c) = dimVf (r,c) - c 2 . 

Remark 2.11. Any stable solution of the ADHM equation is GIT stable by Propo- 
sitions [231 and [2~T0l ( see also [20l Prp. 4.3]). Then A4y is a good categorical quotient 
since the group G is reductive [Ml Thm. 1.10]; in particular M Y WS is also a good 
categorical quotient. 

3. Torsion free instanton sheaves 

Our aim here is to establish a correspondence between torsion free instanton 
sheaves of trivial splitting type on Y and globally stable solutions of the ADHM 
equation over Y. 

3.1. The ADHM construction. In this subsection we will see how to construct 
coherent sheaves on Y which restrict trivially to £, out of ADHM data over Y. To 
begin with, for any datum X = ((A, B, I), (A', B' , J)) 6 By, consider the sequence 
of sheaf maps 

(5) E' x : V(g> Oy(-l) ^> (V®V® W) ® O y -A V ® O y {\) 
given by 

/ A' + 1 (8) x \ 

(6) a=\B' + l®y\ /3 = ( -B - 1 <8> y A+l®x I). 

Given a point P 6 Y, we will denote by ap and /3p the fiber maps. 

Note that j3a = iff X satisfies the ADHM equation, which is a straightforward 
calculation left to the reader. Therefore, for such an X, we are able to do the 
following definition. 

Definition 3.1. For any X G Vy, we call E x the ADHM complex over Y associ- 
ated to X and we refer to E := ker /3/ima as the cohomology sheaf of E* x . 
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It is also important to check when the ADHM complex E* x happens to be a 
monad, that is, when a is injective and j3 surjective. We will see below that global 
weak stability is precisely the property required. Before that, let us just introduce 
some notation. Let X be an ADHM datum; we denote by 

Dx '■= {P G Y | ap is not injective}, 

which is the degeneration locus of the map a, and by 

d x ■= codim Y (-Dx) 

its codimension respect to Y. We call X G Vy a nondegenerated datum if dx > 2, 
and say it is degenerated otherwise. The set of nondegenerated points of the ADHM 
variety plays a central role in this work and is denoted by Vy. 

Remark 3.2. Note that for n > 2, one always has Vp„ = Vp™, that is, there are no 
degenerated data over these projective spaces. More generally, if Y has dimension 
at least 2 and Pic(Y) = Z then Vy = Vy as well. On the other hand, for instance, 
Example 12.71 do provide the existence of degenerated points in the ADHM variety: 
if X = ((C ®z ,C® zi,l), (0, 0, 0)) G V s where S is the scroll z y - z x x = in P 3 , 
then the degeneration locus of X is the line x — y = 0, and hence dx = 1- 

Proposition 3.3. The following hold: 

(i) a is injective; 

(ii) ctp is injective for every P 6 Y iff X is globally weak costable; 
(hi) /? is surjective iff X is globally weak stable. 

Proof. It is easy to see that ap is injective for all P G I. This means that the 
localized map ap may fail to be injective only at a subvariety of Y which does not 
intersect £, and hence dx > 1. In particular, a is injective as a sheaf map and (i) 
follows. 

To check (ii) and (hi), write X = ((A, B, I), (A' , B' , J)). For (ii), if X P is not 
weak costable for some P G Y, there is a one dimensional subspace S C V such 
that A'p(S), B'p(S) C S C ker Jp. Fixing coordinates for P, we may assume that 
(Ap, Bp, Jp) lies in A'. It follows that there exists a nonzero v G V, and a, b G C 
such that 

(7) A' P (v) = av B' P (v) = bv J P (v) = 

and since the last coordinates of P does not affect costability, we may suppose 
P = (Po Pd '• o, : b) and hence the hber map ap is not injective. Conversely, if 

for such a P G Y the map ap is not injective, then ([7]) holds for a nonzero v G V 
and thus S = (v) makes Xp non weak costable. 

Finally, (3 is surjective iff (3p is surjective for all Pel, which holds iff (3 P is 
injective for all P G Y, which, by the prior item, holds iff (B P ,A P ,I P ) is weak 
costable for all P G Y. Now it is easily seen that (Bp, A P , I P ) is weak costable iff 
(Ap, Bp, Ip) is weak stable and (hi) holds. □ 

For the next result, we recall some definitions. A projective scheme is called arith- 
metically Cohen- Macaulay (ACM) if its homogeneous coordinate ring is a Cohen- 
Macaulay ring. The charge of a coherent sheaf £ on a projective scheme is the 
integer ^(^(-l)). 

Proposition 3.4. Let X G W(r, c) and E be the cohomology sheaf of the ADHM 
complex E x ■ Then the following hold: 
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(i) E is a coherent sheaf which restricts trivially to £; 

(ii) E is a torsion free sheaf if and only if X is nondegenerated; 

(iii) E* x is a monad if and only if X is globally weak stable; 

(iv) E is a locally free sheaf if and only if X is globally weak costable; 

(v) If X is nondegenerated globally weak stable and Y is either P 2 or ACM of 
dimension at least 3, then E is a torsion free sheaf of rank r and charge c. 

Proof. The degeneration locus Dx agrees with the singularity locus of E, that is, 
the points P € Y for which the stalk Ep is not a free Op-module. Thus, it follows 
from [37l Sec II. 1.1] that E is coherent iff dx > 1, which always hold as seen in 
the proof of the prior proposition, and E is torsion free iff dx > 2. So the first 
statement of (i) and (ii) are proved. In order to check the other statement of (i), 
note that the restriction of |5]| to I yields 



o -> v ® Ot(-i) (v ®v ®w) ® o e ^ v ® o t (i) 



where 



oli = \ V ] Pe = ( -V x ) . 

V o / 

Its cohomology, which coincides with the restriction of E to I, is just W ® Ot, so 
(i) is proved. Itens (iii) and (iv) hold due to Proposition 13.31 while (v) holds owing 
to [10 Prp. 3.2]. □ 

3.2. The inverse construction. In this subsection we will do the inverse con- 
struction, that is, build an ADHM datum out of a cohomology sheaf of a monad in 
Y. First, we specify the relevant class of sheaves. 

Definition 3.5. A coherent sheaf E on Y is called an instanton sheaf if there exists 
a complex of the form 

¥ (-l) ffic ^ Of 1 A ¥ (l) ffic 

where a is injective, (3 is surjective and E = ker/3/ima. If E restricts trivially to 
I, then E is also called of trivial splitting type. 

The above definition does agree with the known one in the case of projective 
spaces (see [25, p. 69]) as can be easily derived from [25l Prp. 2 and Thm. 3]. 

Proposition 3.6. If E is a torsion free instanton sheaf on Y of trivial splitting 
type with respect to t, then E is the cohomology sheaf of a monad of the form 

E' x ■ V® ¥ (-l) (V®V® W) ®O y A V®O y {1) 

where W ~ H°(E\g) and X S Vy gW8 (W, V), i.e., X is a nondegenerated globally 
weak stable datum in the ADHM variety. Moreover, ifY is either P 2 or an ACM 
variety of dimension at least 3, then V ~ H 1 (£'(— 1)). 



Proof. Since E is instanton, it is the cohomology sheaf of a monad of the form 
Restricting it to £, we get 



v ® o Y (-i) Ac/®o ¥ Ay® o Y (i) 



(8) V® 0/(-l) ^ U®Oi V® O t (l) 
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The maps ae and ft can then be expressed in the following manner: 

a e = ol\x + a 2 y 
ft = Pix + fty 

where ctk € Hom(V, U) and ft € Hom(U,V) for each k = 1,2. The condition 
fta£ = then implies that 

(9) Ptai = fta 2 = 

(10) fta 2 + fcai = 0. 
From © we get the exact sequence 

— >V® O t {-l) kcrft — ► E\ t — > 0. 
Now U p (O e (-l)) = 0, for p = 0, 1, and ~ 0® rk£ , hence H^ker ft) = and 

(11) H (kexft)~H (.E|/)~£p 

for some Ps/. Notice that the choice of a basis for H°(kerft) corresponds to the 
choice of a trivialization for E\g. 

Similarly, from ([8} we also get the exact sequence 

— >• kerft — >U®0, Ay® £ (1) — ► 
from which we obtain the short exact sequence of linear spaces 

(12) — ► H°(kerft) — ► £/ A V®H°(0*(1)) — > 

because H (O^) ~ C and H x (kerft) = 0. Since H (O*(l)) ~ C 2 we rewrite (O as 

(13) 0^H°(kerft) — ^ {/ ^ 2 ^ © F ^ 0. 

Now i? is locally free on a neighborhood of t, so we can apply the same argument 
to the dual monad 

— > V* ® Ot{-l) ^hu* ®Oi^hV* ® 0/(1) — > 
of which we derive the exact sequence 

(14) 0— ►H°(keraJ)— > U* V* ®V* ^ Q 
with H°(kerc4)* ~ H°(E\ e ) ~ H°(kerft). Dualizing (HJ} we get 

(15) 0— >V®V ai -^ 2 J7^H° (kerft) — ► 0, 

hence (J3) splits and 17 ~ V © V © where W = H°(ker ft) ~ H°{E\ e ) as desired. 
Then E is the cohomology sheaf of the monad 

V ® Oy(-l) A(yffiFef)«o T Ay« Oy(1) 

described above. Now choose P = (0 : . . . : : 1 : 0) to write (ITT]) as 

kerft n kerft = H° (kerft) ~ E P = kerft/imai. 

Thus imai n kerft = 0, so that fta 2 = — ftoa : V V are isomorphisms. 
Therefore, we can choose basis to write 











Oil = 


i 


| a 2 =( 


■ 











ft = ( 1 ) 

ft = ( -i o ) 
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and the description of a and (3 as coming from a datum X easily follows. Moreover, 
X needs to satisfy the ADHM equation since /3a — 0; by Proposition 13.41 (ii)-(iii) . 
it has to be globally weak stable since /3 is surjective and nondegenerated since E 
is torsion free. 

Finally, the last claim follows easily from the short exact sequences 







and we are done. 



(V © V © W) . 

► V®Oy(-l) - 



P. 



A" 



V<8>0y(1) 
> £ — > 







□ 



The following concept is crucial for establishing the correspondence between data 
and torsion free instanton sheaves. 

Definition 3.7. A framed instanton sheaf on Y is a pair (E, <f>) where E is an 
instanton sheaf of trivial splitting type on Y and <j) '■ E\t — > Of r is an isomorphism. 



Two framed instanton sheaves (E, 
there is a sheaf isomorphism $ : E - 
following diagram is commutative: 



E\ 



and (E',(j)') are said to be isomorphic if 
E and a constant A G C* such that the 



■E'\ 



On the other hand, two ADHM data in By(W, V) are said to be equivalent if 
their orbits modulo the action of G = GL(V) coincide. 

Theorem 3.8. Let Y be either P 2 or an ACM projective variety of dimension at 
least 3. Then there is a 1-1 correspondence between the following sets: 

• equivalence classes of nondegenerated globally weak stable data in the ADHM 
variety VV(r, c); 

• isomorphism classes of rank r framed torsion free instanton sheaves of 
charge conY. 

Proof. For g e GL(V) and h £ GL(W), consider the following data in Vy(W, V): 

X = ((A,B,I),(A',B',J)) 

X' = ((gAg^^gBg-'^Ih-^^gA'g-'^B'g-'^Jg- 1 )) 
Then the map between ADHM complexes on Y, given by 

(9 



E' x : 0- 



E' x , 



0- 



■V <g> 0Y- 



■V <g> O y - 



-{V © V © W) ® Oy—^-V ® O y - 



-0 



-0 



-(V © V © W) © Oy— -+-V © Oy- 

is an isomorphism. Conversely, any isomorphism between ADHM complexes are of 
the above form. But we have already seen in Proposition 13.61 that any torsion free 
instanton sheaf of rank r and charge c is the cohomology of an ADHM complex 
associated to a nondegenerated globally weak stable datum in Vy and conversely by 
Proposition 13.41 (v). Moreover, isomorphisms between cohomology sheaves lift in 
an unique way to isomorphisms between monads since the conditions of [38, Lem. 
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4.1.3] are satisfied for linear monads on both P 2 and ACM varieties. So, in order 
to get the result, we just observe that an h G GL(W) is nothing but a choice of 
framing for the cohomology sheaf of an ADHM complex. □ 

In particular, Theorem 13.81 provides a (set-theoretical) bijection between the set 
of isomorphism classes of rank r framed torsion free instantons sheaves of charge c 
on Y and points of .My 8 ™ 8 ^, c )- So we have the following. 

Corollary 3.9. The moduli space of isomorphism classes of rank r framed torsion 
free instanton sheaves of charge c on Y is a quasi projective variety. 

We now turn our attention to the case of Y = P" . 

4. Instantons on Projective Spaces 

We devote this section to the particular case of projective spaces, that is, the 
case where Y = P" with n = d + 2 > 2. When so, as seen in Example 12.61 any 
datum X G Vp™ is of the form X = ((A, B, I), (A, B, J)), so it is more convenient 
to write 

X = {A, B, I, J) G B' ® H°(O pd (1)) 

where 

B' = B'(W, V) = B'(r, c) := End(V)® 2 © Rom(W, V) © Hom(V r , W). 
The ADHM equation reduces to 
(16) [A,B]+IJ = 0. 

Moreover, weak global (resp. local) stability (corresp. costability) agrees with 
global (resp. local) stability (corresp. costability) in such a case. Indeed, write 
X = (A, B, I, J) G Vpn, fix P G P™ and assume Xp is not costable. Hence there is a 
nonzero subspace S C V such that Ap(S), Bp(S) C S C ker Jp. Fixing coordinates 
for P, we may assume that Xp — (Ap, Bp, Ip, Jp) lies in B'. Now, since X G W", 
we have that Ap\s and Bp\s commute because Jp\s = 0. In particular, Ap\s and 
Bp\s are simultaneously diagonalizable. In particular, Ap and Bp have a common 
eigenvector in S so Xp is not weak costable. Hence global (resp. local) costability 
agrees with global (resp. local) costability. A similar statement holds for stability 
because Xp is (resp. weak) stable iff Xp := (Bp, A P , J P , I P ) is (resp. weak) 
costable for all P G P n . Besides, there are no degenerated data in Vp™. 
For the sake of simplicity, we adopt the notation 

Vd '■= Vpd+2 = Vpi 

and, as seen above, it is enough to consider the sequence of proper inclusions 

Vf C Vf c V d s c vf . 

As well as for the ADHM variety in projective spaces, we adopt the same notation 

Md ■= Mpd+2 = Mpn 

for the ADHM quotient variety of stable orbits in which we naturally consider the 
sequence 

Mf C Mf C M\t C M s d \ 
The simplest case, when d = 0, is well known and can be found, for instance, in 
[35] : .Mp^r, c), which agrees with A4q S (r,c), is an irreducible, nonsingular quasi- 
projective variety of dimension 2rc, and it admits a complete hyperkahler metric. 
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In [12], it is also proved that Mf s (r, 1) is irreducible and nonsingular, which we 
generalize to any d in the following proposition. 

Proposition 4.1. A4^(r, 1) is a nonsingular quasi- projective variety of dimension 
2(d + l)r — ^d(d — 1) if r > d and empty otherwise. 

Proof. Write a datum X — (A, B, I, J) where the components are 

A = A <gs z H vA d ®z d B = B <g> z H \-B d ®z d 

I = I a ® z + V I d ® z d J = J <g> z -\ h Jd ® Zrf 

In this case, since c = 1, the Ak,Bk in are in C, while the (resp. Jfe) can be 
regarded as row (resp. column) matrix vectors in C r . Global stability reduces to 
the condition that the Ik are linearly independent, so 7W^(r, 1) is empty if r < d. 
The group G = C* acts trivially on the Ak , Bk and by multiplication by t (resp. 
on the Ik (resp. Jfc). The ADHM equations reduce to 

hJk = k = 0,...,d 

IkJ m + I m Jk = k<m = 0, ...,d 

It is then easily seeing that M E d {r, 1) = C 2 ( d+1 ) x B(d,r), where B(d,r) is the 
(open) set of solutions of the ADHM equations in the (2(d + l)r — l)-dimensional 
weighted projective space 

P( l,......,l , r l, ...... ,-1 ) 

(d + l)r (d + l)r 

such that the Ik are linearly independent. This shows that A^5 (r, 1) is quasi- 
projective. The ADHM equations also yield the ( d ^" 2 ) X 2(d+ l)r Jacobian matrix 

/ •. •. \ 



Jl 



7' 



V i ! / 

which is of maximal rank if and only if the Ik are linearly independent. This shows 
that Ai^(r, 1) is nonsingular of the desired dimension. □ 

4.1. The Moduli of Framed Instanton Bundles on P™. In this section we 
study the moduli functor problem of framed instanton bundles on P n by means of 
their monadic description. 

Theorem l3.8l is an important step forward to get a moduli space for isomorphism 
classes of framed instanton bundles on projective spaces, which is the main concern 
of this subsection. In order to do so, we first introduce few notation: for every 
two sheaves, T on P™ and Q on a scheme S, we put T HI Q := p*T ® q*Q, where 
p : P" x S — > P™ is the projection on the first factor and q is the projection 
P" x S — > S on the second one. We also denote by k(s) the residue field of a 
closed point s E S. 
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Now, we start by introducing a moduli functor. Let 

M^ c : &ch — > Get 

be the functor from the category of noetherian schemes of finite type to the category 
of sets, which is defined as follows: to every scheme S € Obj(&ch) we associate the 
set 

9E r( .(S) = { equivalence classes of pairs (J 7 , tf>) } 

where we have: 

(i) J 7 is a coherent sheaf on P™ x S which is flat on S; 

(ii) <j> : J-\exS — > is an morphism (called framing) to a certain sheaf Q on 
I x S which is flat on S and such that Q ® k(s) = Of r for every s 6 S; 

(hi) (J-" s ,0(s)) is a framed instanton bundle on P™ of rank r and charge c for 
every s £ S, where F s := T ® k(s) and <p(s) := <j> ® k(s); 

(iv) (J 7 , 4>) ~ (J 7 ', 0') if there is a line bundle i on S such that J 7 ' = T ® q*L, 
and such that the following diagram commutes: 

T®q*L\ exS ^ F'lexs 




G >Q' 

The pull-back is defined as follows. Given a morphism / : S' — > S and [(J 7 , 0)] S 
9Jt* n c (5), we set 

r{[{F,cj>)]) := [((idpn xf)T,<P)] 
where we naturally define 

^(kkx/)*^)— 
This turns StJ! c into a contravariant family functor. 

Now, the key point will be the use of the relative version of the Beilinson's 
Theorem. We remark that most of this subsection is a generalization of Le Potier's 
techniques [31], which he used in order to describe the moduli space of stable 
bundles of rank 2 on P 2 . Le Potier's proof can also be found in [351 Chp.II, §4], 
and its generalization to the case framed torsion-free sheaves on multi-blow-ups of 
the projective plane can be found in [23] . 

Let us consider a scheme S which is noetherian and of finite type. Consider the 
following diagram: 

P" x P" x S^^V n x S 

pr23 q 

P" x S 

and the relative Euler sequence: 

— ► Op»xs(-1) — > Opixs 1} — > Q^Os — > 
where Q = T¥ n (— 1) is the twisted tangent bundle. One has the following: 
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Relative Beilinson's Theorem. For every coherent sheaf T on P™ x S there is 
a spectral sequence Ep J with E\-term 

E]; 3 = Op»(i) Kl Wq*(F® ^: xS/s (-i)) 

which converges to 

T i+j=0 
otherwise. 



E hl 



The above result is the tool we need to have the following. 

Theorem 4.2. The quasiprojective scheme Ai^(r,c) of globally regular solutions 
to the d- dimensional ADHM equation modulo the action of GL(c) is a fine moduli 
space for the isomorphism classes of rank r framed instantons bundles of charge c 
on P d + 2 . 

Proof. We first construct the natural transformation 

m^ c e)^Kom(;Mf(r,c)), 

where n := d + 2, between the moduli functor of framed instanton bundles on P™ 
and the Yoneda functor associated to the solutions to the d-dimensional ADHM 
equation modulo the action of G. 

So let S be a scheme and take [(J 7 , 4>)] £ 5I? C (S). We claim that T is the 
cohomology of a monad 

(17) M* : Op»(-l) m,V}q^{T ®VL 2 Vn ^ sls {\)) — > H T^q^T ® ^p-xS/s) 

— ► P n(l)Eft 1 g*(.F®p*0 r ,(-l)). 

In fact, by the Relative Beilinson's Theorem, we just use the fact that J- is S'-flat, 
so that 

Wq*{T g> n^ xS/s (-i)) ® Hs) H J (F*\ T s ® 

Then (|17j) follows by using the vanishing properties of instanton bundles. 
Therefore, on every point sGS, one has a monad 

M* : H 1 (j;0fi^(l))®<V(-l)^H 1 (j;®n^)®<V^H 1 (J r a (-l))®Pp»(l). 

Now, consider an open covering {Sj}j e j of S 1 . Then on every open affine Sj the 
restriction M*|^ is isomorphic to a monad of the form 

M* : Ofn (-1) H (V ® S . ) C P n E (W®0 Sj ) A Op- (1) H (V' <8 Sj ) 
where 

aj : — > Hom(H°(C P .(l))*,Hom(V r ,W)) 
: S" 3 — ^Hom(H (Op re (l))*,Hom(W,F')). 

From the monad condition f3j o a j = we have a map /j = (ctj, fJj) : Sj — > VjT and 
by construction these maps satisfy 

/<(*) ~ G / 3 -(a) 

for any point s in the intersection Si fl Sj. The maps /j glue to form a global 
morphism 
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This defines the desired natural transformation: 

$(.): jm£(.) — > Hom(.,^f(r,c)) 

Taking a closed point s £ S, and using the resulting monad on P™ it is easy to 
see that <1> : £0t* c (Spec k(s)) — > Hom(Spec fc(s), Mf(r, c)) is a bijection owing to 
Theorem EH 

Finally, take Af to be another parameterizing scheme such that there is a natural 
transformation 

: ml" c {») — ► Hom(.,A0, 

and consider the monad 

(19) M* : Op»(-l) El (V® Oyf ) ^P" B (W 7 ® O vf ) -> H (V ® V f ) 

of which the cohomology we call We first claim that the map 

ip := ^(Vf )[($,<!>)] ■ Vf > -N" 
is constant along the fibers of the natural projection 

t = »cvr to**)] : vf 

for any framing 0. Actually, the assertion is not particular for the chosen scheme 
and family. Rather, it easily comes from the fact that 9Jlf c is a contravariant family 
functor and \& and $ are natural transformations, that is, the square diagrams 
obtained fom ^ and $ by pull-backing families and composing morphisms are all 
commutative. 

The projection ir : Vj r — > A4? locally has sections, so one can construct local 
mappings (p : — > Af, but since ip is constant along the fibers of 7r, then the 
map tp can be lifted to a global map <p such that the following diagram commutes: 



(20) Vf^+M 




Again, from the very naturality of $ and we have that the natural morphism 
ip : A4f — >• Af as in (f20| is enough to get a unique natural transformation 

Q : Rom(;Mf) — ► Hom(«,AT) 

such that $ = l]o$. Hence M^c is a coarse moduli space. 

To finish the proof, we shall now descend the universal monadic description on 
P™ x V| r to a well behaved monadic description on P" x M* r . This can be realized 
due to the fact that the space P™ x Vf is a G-space since there is a natural action 

, . GxP"xVf — ► P"xVf 

[ ] (9,(x,X)) (x,g-X) 

This induces a G-action on the universal monad M, in (IT91 . which descends to an 
action on its cohomology 5, but since the action is free and the isotropy subgroup 
is trivial at all points owing to Proposition 12.91 we have a well defined family 
3/G — >P n x Vf'/G. We put it := £/G which is a canonical family 

it — > P" x 
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parameterized by ■ 

Finally, we claim that for any noetherian scheme S of finite type, the mapping 

Hom(S,7Wf) — ► Wf { ;. c) {S) 

<t> .— > 0*[U] = [(idp» x 0)*iX] 

is bijective. 

In fact, for injectivity, if there are homomorphisms 4>\,<j>2 ■ S — > such that 
(idp n x 0i)*lt = (idpn x (j>2)*ii then for every point s € 5, one has the equality 
il(</>i(s)) = il(0 2 (s)). Since the bundle il(<^j(s)) is the one given by the globally 
regular ADHM data associated to the point <f>i{s) 6 Mf, then <j>i(s) = 0a (s) for 
every point s 6 5, thus 4>i = (f>2- 

For surjectivity, given a family J 7 parameterized by S, one has the morphism 
<j) = ^(J 7 ) given by the natural transformation l|18p. Then T is the pull-back of the 
family il parameterized by M.^ ■ Hence .M| r is a fine moduli space. □ 

5. Perverse instanton sheaves 

We will conclude this paper by providing a geometrical interpretation for arbi- 
trary solutions of the ADHM equation as perverse coherent sheaves on Y. Indeed, 
as remarked in Section |3l arbitrary solutions of the ADHM equation give rise to the 
complex of sheaves (JSJ) which, thought as an object of the derived category D h (Y), 
is a perverse coherent sheaf with very particular properties. 

5.1. t-structures and perverse sheaves. Let T be a triangulated category. We 
recall from [T3] that a t-structure on T consists of two full subcategories, denoted 
D-° and D—° satisfying the following conditions: 

(i) C D^°[-l] and C D^°; 

(ii) if X 6 and Z G D-°, then hom r (X, Z) = 0; 

(iii) for every y G T, there exists an exact triangle X — >• y — > Z — >• X[l] with 
X G and Z G D^°. 

The full subcategory of T consisting of those objects in D-° n D-° is called 
the core of the t-structure (D-°,D-°); one can show that it is always an abelian 
category, see [13]. 

If T is the (bounded) derived category of an abelian category A, then one can 
define the so-called standard t-structure: 

std^O = | C . g D ^ | = Q y k > q| 

std D^° = {C G D{A) | n k (C) = Vfc < 0}. 

One easily checks that ( std D-°, std D-°) is indeed a t-structure, and that its core is 
equivalent to A. 

The main goal of this section is to outline two methods of construction of non- 
standard t-structures on derived categories of coherent sheaves on projective vari- 
eties. From now on, let X denote a non-singular irreducible projective variety over 
an algebraically closed field. 

5.2. Kashiwara's t-structures. Let Mod(Ox) denote the abelian category of 
sheaves of Ox-modules, and set D(0%) to be its derived category; let also D(X) to 
be the derived category of Coh(X). As usual, we set D qc (Ox) (-D C oh(Ox)) to be the 
full triangulated subcategory of D(Ox) consisting of complexes with quasi-coherent 
(coherent) cohomology. Recall that D b (X) is naturally equivalent to D^ oh (Ox)- 
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We will also use the costumary notation £>^ c ™(0x) to mean complexes C* in 
-Dqc(Ox) such that H k (C) — for all k > n; similarly, D^(Ox) means complexes 
C in D qc (O x ) such that U k {C) = for all k < n. The curly cohomology H is 
used to denote the cohomology of a complex in D(Ox) 7 which is an Ox— module, 
while the straight H denotes the cohomology with respect to the global sections 
functor T, in the category of vector spaces. 

A family of supports on X is a set 3? of closed subsets of X satisfying the following 
conditions: (i) if Z £ $ and Z' is a closed subset of Z, then Z' £ $; (ii) if Z, Z' £ $, 
then Z U Z' £ $; (iii) £ For any such family of supports, consider the functor 
1$ : Mod(Ox) -> Mod(Ox) defined as follows: 

r*(f ) := lim T Z {F). 

ze<s> 

Then one has, for each open subset U C X: 

(22) T 9 (F)(U) = {cre F(U) | suppa £ *}. 

A support datum on X is a decreasing sequence 3> := {<I> n } ne z of families of 
supports satisfying the following conditions: (i) for n <C 0, $ n is the set of all 
closed subsets of X; (ii) for n > 0, $™ = {0}. 

Finally, the support (or perversity) function associated to the support datum 3? 
(see [30l Lem. 5.5]) is: 

p# : Xtop — > 1 

x i — > max{n £ Z | {x} £ $"} 

where X top denotes the topological space underlying the natural scheme structure 
on the variety X. 

Given a support datum on X, Kashiwara introduces the following subcatgories 
of^ c (0 X ): 

*£f c n (0x) := {C £ ^ c (Ox) | supp(U k (C")) e $ fe -" VA:} 

*X>| c n (0x) := {C* 6 ^ c (0x) | MV(C') £ Z^+"(0 X ) Vfc} . 
Now consider as in (301 P- 857]: 

*Dfl(Ox) :-*^| c °(Ox)n^ b (X) 

*^c-o°h(0x) :-*^| c (Ox)n^ b (X). 

It is shown in [30l Thm. 5.9] that if the support function p$ satisfies the following 
condition 

(23) — < codim({?/}) — codim({x}) Vy £ {x}, 

then (*£> c - o h (Ox), *£ , c - ° h (Cx)) defines a ^-structure on L> b (X). 

Example 5.1. For the scheme Y with the line £, consider the following support 
datum * = {$ fc }fe e z with 

$ fc := {all closed subsets of Y} for k < 

•P 1 := {all closed subsets of Y which do not intersect £} 

$ fc := {0} for k > 2. 
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The corresponding perversity function p$ : Ytop ~ > Z is given by: (x) = if and 
only if {a;} Pi £ ^ and p&(x) — 1 otherwise. One easily checks that such function 
does satisfy the condition (|23l) . We will denote by C Y the core of this t-structure. 

The objects of C Y can be characterized as follows. 

Proposition 5.2. C* £ C Y if and only if the following hold: 

(i) H k (C) = for fc ^ 0, 1; 

(ii) H°(C*) /ias a/Z nonzero sections with support intersecting i; 
(hi) ^(C*) «s supported away from I. 

Proof. We first assume that C™ £ C Y . On the one hand, C G *i>r o h (C> Y ). 
Then supp(H fc (C*)) is empty for fc > 2, i.e., ft fc (C") = for k > 2, and also 
supp(H 1 (C")) does not intersect i. 

On the other hand, C G *£>^ °(Oy)- Then, first, MV(C") G D^°(0 Y ). But 
r $ o is just the identity functor on Mod(0 Y ), thus RT^(C') = C* G D^ (O Y ), i.e, 
■H fc (C") = for fc < -1. Besides, MV(C") G Z?- 1 ^) and hence «°(fflV (C*)) 
vanishes. But, by [30j Lem. 3.3. (hi)], "H°(MV (C)) = IV {H°{C')) since C" G 
D^°(0 Y ). Therefore rV(ft (C")) = which is equivalent to saying (ii). 

Conversely, let us first check that C* G ^-D^^CM- This is quite clear, since 
supp(H 1 (C*)) G by (iii) and supp (H k (C*)) = £ $ fe for fc > 2 by (i). 

To check that C G *£>| ) h (C , Y), since C* G L>-°(C> Y ) we use [30, Lem. 3.3. (hi)] 
again. It gets RT^(C) G £>-°(£>t) and n°{RT^ (C*)) = (W°(C")) for every 
fc. So, first, MV(C") £ L>^ n (0 Y ) C D^ k (0 Y ) for every fc < 0. Besides, we have 
MV(C") G L>- (O Y ) and H°{RT^(C')) = T^(H°(C')) which vanishes by (ii); 
hence MV(C") £ D^Oy). Since MV(C") = for every fc > 2 ($ fe = {0} in 
this rang e), we also have that MV (C*) £ D^ k (0 Y ) for fc > 2. □ 

5.3. Tilting on torsion pairs. Let A be an abelian category, and let (T, J 7 ) be 
a pair of full subcategories of A. One says that (T, J") is a torsion pair in A if the 
following conditions are satisfied: 

(i) Hom^(T, F) = whenever T £ T and F £ J"; 

(ii) For every A G A, there is a short exact sequence 0— > T — > A — > F — > 
with T £ T and F £ J". 

Now let (T, J 7 ) be a torsion pair in A. Consider the full subcategories of D h (A): 
:= {C £ D h (A) | n p (C) = for p > and W°(C") £ T} 

L>^° := {C £ D b (A) | H P (C") = for p < -1 and TT^C") £ J"}. 

According to [HI Prp. 2.1 and Cor. 2.2], we have that (D-° , D-°) is a t-structure 
on D b (.A), and the full subcategories (^[1], T) is a torsion pair in its core. In this 
situation, one says that the t-structure (and its core) is obtained from A through 
tilting on the torsion pair (7~, J 7 ) ■ 

Example 5.3. For the scheme Y, take A = Coh(Y); given a coherent sheaf E on 
Y, let Tk(E) be the maximal subsheaf of E whose support has dimension at most 
fc, see 23 P- 3]. Consider the following full subcategories of Coh(Y): 

T := {£ £ Coh(Y) | T n _ 2 (E)=E} 



T:={Ee Coh(Y) | T n _ 2 {E) - 0}. 
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One easily checks that they form a torsion pair in Coh(Y). Let B be the core of 
the t-structure obtained from Coh(Y) through tilting on (T, F). We set 

Cy ■= B[l] 

The objects of C Y can easily be characterized as follows. 

Proposition 5.4. C E C Y if and only if the following hold: 

(i) W(C) = for 0,1; 

(ii) T-L°(C') has no subsheaves supported in codimension at least 2; 
(hi) 1-L l (C m ) is supported in codimension at least 2. 

We remark that the two t-structures obtained in Examples 15.11 and 15.31 are dis- 
tinct, and so are their cores. For instance, Oe[l] is an object of C Y , but not of Cy; 
on the other hand, the sheaf Oe is an object in Cy, but not of CL. 

5.4. Perverse instanton sheaves. Broadly speaking, a perverse coherent sheaf 
on an algebraic variety X is an object within the core of some t-structure on D h (X). 
Therefore, motivated by the above examples, we introduce the following definition. 

Definition 5.5. A perverse (coherent) sheaf on Y is a complex C* £ D b (Y) satis- 
fying the following conditions: 

(i) W(C) = for p^ 0,1; 

(ii) % (C*) is a torsion free sheaf; 

(hi) ^(C 1 *) is a torsion sheaf supported away from a line I. 
The rank r of C* is defined to be the rank ofH (C). 

Let Vy denote the category of perverse sheaves on Y, as a full subcategory of 
D h (Y). It is easy to see that Vy is additive, closed under direct summands and 
closed under extensions. Moreover, Vy is contained both in Cy and in C Y , and it 
contains the category of torsion-free sheaves on Y as a subcategory. 

Let Fy be the category of torsion free sheaves on Y as a subcategory of Vy, 
i.e., F* G Fy if 'H}{F') = 0, and let Zy be the category of rank zero perverse 
sheaves, i.e., Z* e Zy if H°(Z*) = 0. Note that (Fy, Zy) is a torsion pair in Vy', in 
particular, for every C* €Vy, there is a short exact sequence 

F' -> C* -)■ Z* 

with F* e F Y and Z'£Z Y . 

One can then extend Definition 13.51 from coherent to perverse sheaves. 

Definition 5.6. An object C in Kom(Y) is said to be a perverse instanton sheaf 
if it is quasi-is amorphic to a complex of the form 

Oy(-1)® c — ► 0® a — ► 0y(1)® c 

such that Lj*C* is a sheaf object, where j : £ Y is the inclusion. If the sheaf 
object Lj*C on £ is trivial, then C is called of trivial splitting type. A framed 
perverse instanton sheaf is the pair (C , 4>) consisting of a perverse instanton sheaf 
C* of trivial splitting type and a framing (j) : Lj*C° — > Of r . 

We point out that perverse instanton sheaves may fail to be perverse sheaves. 
In fact, if X is a datum in the ADHM variety then E* x is, by construction, a 
perverse instanton sheaf, but if X is degenerated then TiP(E^) is not torsion free, 
in particular E* x is not a perverse sheaf, and we have seen in Remark l3~2l examples 
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of degenerated data. On the other hand, if for instance Pic(Y) = Z then one may 
adjust the proof of [20, Prp. 2.7] to conclude that perverse instanton sheaves on Y 
are always perverse sheaves. 

Proposition 5.7. Let Y be such that Pic(Y) = Z, then a complex is a perverse 
instanton sheaf of trivial splitting type on Y if and only if it is quasi-isomorphic to 
an ADHM one. 

Proof. Given a complex C 6 D h (Y), first we assure that H°(C') is torsion free 
using the fact that Pic(Y) = Z and adjusting Prp. 2.7]. Then we apply verbatim 
the proof of Proposition 13.61 without obliging the complex to be a monad. □ 

5.5. Functorial point of view. The correspondence indicated in the previous 
proposition can also be described in terms of a functor. First, we construct the 
ADHM category over Y which we denote 2t(Y). The objects of 2t(Y) are triples 
(V, W, X) with X e V Y {W, V), and a morphism 

p:(V,W,X)^(V',W',X') 

consists of two linear maps / : V —> V and g : W —> W such that if we write 



X = (Xi) 6 i=1 e Hom(V, V ® H Y 



X' = (Xl)UeHom(V',V'< 
then the diagrams 



H Y ) e 



) Hom(W, V <8> H Y ) 
i Hom(W, V ® H ¥ ; 



Hom(V r , W (8) H Y ) 
BHom(y',W^'(8)H Y ) 



V 



x, 



x' 











V d 





are commutative for 1 < i < 4, and the diagrams 



fm 



f 



x' 



V' — ^ W 



W — '-^ V ® H Y 

are commutative as well. 

Note that 2l(P 2 ) is the category of representations of the ADHM quiver 



i J 



with the relation ab — ba + ij = 0. It is also possible to use the notion of twisted 
representations of quivers in the sense [Ul [57] to describe 2t(Y) for a general Y. 
Note also that 2t(Y) is abelian. We denote by 6(Y) the full subcategory of 2l(Y) 
whose objects are globally weak stable if regarded as ADHM data. 

On the other hand, let VliY) denote the full subcategory of D b (Y) whose objects 
are perverse instanton sheaves of trivial splitting type; let also X(Y) denote the full 
subcategory of Coh(Y) consisting of instanton sheaves of trivial splitting type. In 
the sequel we want to establish a relation between the categories 2l(Y) and VI(Y). 
In order to do so, we start by a lemma. 
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Lemma 5.8. Let Y be such that H 1 (C ¥ (-i)) = for i = 1, 2. Let also <f) : E' 
be a morphism of ADHM complexes over Y. Then the following hold: 

(i) ifU°{F*) = U 1 ^) = then <j> = 0; 

(ii) ifH}{E') = n°((j)) = then 4> = 0; 



F* 



Proof. First, write 



ET : Oy(-l) 



Oy(l) 



0'. 



F* : ¥ (-l) ffic -^O? -^0 ¥ (1)® C 
and break down <fi into the following three morphisms between exact sequences 



(24) 







Oy(-1) € 



■ o Y (-i)® e 



- ker j3 

00 I ker /3 

■ ker /?' 



■n°(E') — 

n°(<j>) 
■n°(F')- 







(I) 



(II) 



(25) 



• ker j3 

Mker/3 

• ker [3 1 



o 



00 

©a' 



ixsx/3 ■ 



im/3' 







(I) 



(II) 



(26) 



0- 



im/3 

im/3' 



■Oy(l) 



hHe') - 

■H 1 (4>) 

■ V}{F') — 



(I) 



0. 



(II) 

Applying Hom(0Y(l)® c , •) to ([21)1 11) one gets the exact sequence 

(27) Honi(0(l)® c ,im/3') — > Hom(0(l)® c , C(l)® c ') Hom(C(l)® c , ft 1 ^')) 
but we have 

(28) Hom(0 ¥ (l)® c ,im/3') ~ H°(im/3'(-l))® c ~ H 1 (ker/3'(-l))® c 

where the second isomorphism can be deduced from (|25III) since H 1 (Oy(— 1)) = 
by hypothesis. On the other hand, Hom(C® a ,») applied to (|25I II, yields 

(29) Hom(e>® Q ,ker/3') — > Hom(C® a , C® a ') A Hom(C® c , im/3') 
but we also have 

(30) Hom(C® a ,ker^') ~ H°(ker £') ea - 

Now assume H°(F') = 0. Then ker/3' ~ Oy(-l) owing to ([Mill). It implies 
first, by ([281), that Hom(C Y (l)® c , im/3') = since H 1 (C Y (-2)) = by hypothesis, 
so 7 is injective by (|27|. It also implies, by ([SO]), that Hom(0® a , ker (3 1 ) = 0, so 5 
is injective by (|29|) . Assume also TL 1 ^) = 0. Then 7(^1) = so </>i = because 
7 is injective. Thus 7(</>i)|i m /3 = 0, so <5(</>o) = and hence (f>o = because (5 is 
injective. In particular, 0o|kcr/3 = which implies that <j>-\ — since a and a' are 
injective. Therefore <p = and (i) is proved. 
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To prove (ii), apply Hom(ker/3, •) to (f24"l ll) and get the exact sequence 

(31) Hom(ker/3,C Y (-l) ec ') — ► Hom(ker /3, ker /?') -A Hom(ker/3, W.°(F m )) 
but we have 

(32) Hom(ker/3,0 Y (-l) ec ') ~H°((kcr^) v (-l))® c '. 
On the other hand, Hom(», Cf a ') applied to ([2511) yields 

(33) Hom(im/3, 0® a ') -> Hom(C® a , £>® a ') Hom(ker/3, £>® a ') 
but we also have 

(34) Hom(im/3,O ffiQ ') ~ H°((im/3) v )® a '. 

Now assume V}{E*) = 0. Then im(3 = Y (1)® C . It implies first, by ([34]), that 
Hom(im/3, 0® a ) — so v is injective by ([3"3")l . It also implies, dualizing ([2311) and 
tensorizing it by Oy(-l), that H °(( k er/3) v (-l)) = 0, so Horn (ker /3, Y (-1)® C ') 
vanishes by (|3"2"j) and is injective by (pTTj) . Assume also H°(4>) — 0. Then 
/-t(<A)|ker/9) — so 0o|ker/9 = because \i is injective. So <fr-x — v{4>a) = 0. Hence 
(^o = because z/ is injective. But if 0o = so is 4>i\- lm _p which implies (pi = with 
our assumption. Therefore = and (ii) is proved. □ 

Now we state the close relation between 2l(Y) and VX(Y), as mentioned above. 

Theorem 5.9. The following hold: 

(i) The assignment 

F: Ob(2l(Y)) — > Ob(7 3 X(Y)) 

defines a functor between the ADHM category and the category of perverse 
instantons sheaves of trivial splitting type. 
If Y is such that Pic(Y) = Z, then: 

(ii) F is essentially surjective. 

IfY is either P 2 or an ACM variety of dimension at least 3 ; it also holds: 

(iii) F is faithfull; 

Proof. To prove (i), it is enough to define how the assignment X i-> E* x acts on 
morphisms. So let p = {/, g} be a morphism between two triples (V, 14 7 , X) and 
(V',W',X'); thus / : V ->■ V and 5 : W -> W. One then has the following 
morphism of complexes <f> : E x — > E x , defined by 

v ® Oy(-i) (V © v © w) ® o Y — y ® o Y (i) . 



V g> Oy(-l) - > (V © V © IT) ® Y — V (8 Oy(l) 

So one defines F(p) to be the roof E^ i?^' and (i) is proved. 

The assertion (ii) is nothing but Proposition l5 . 71 within the categorical framework 
just introduced. The proof of (iii) reduces to verifying the following statement: if 
a morphism <j> '■ E* — > F* between ADHM complexes vanish in all cohomologies 
then <fi is the zero morphism. But it suffices to prove this when either T-L°(E') = 
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H°(F m ) = or % 1 {E*) = H 1 {F') = since V1{Y) splits into a torsion pair denned 
precisely by these two properties. Then one applies Lemma 15.81 □ 

Remark 5.10. We do not know whether the functor F : 2l(Y) -» V1(Y,£) is 
also full in the case of Y being either P 2 or an ACM variety of dimension at 
least 3. It is not difficult to see that Hom K (Y)(E Xl , E X2 ) i s indeed isomorphic 
to Homa(Y)(^i,^2); here, K(Y) denotes the homotopy category. However, we do 
not know how to check whether the natural map 

Hom K(Y ) (E' Xi ,E' X2 )^ Hom Dt(Y) (E' Xi , E' X2 ) 

is also surjective in general. This fact holds when both X\ and Xi are globally 
stable. 

5.6. Perverse instanton sheaves on P". In this subsection we characterize the 
case of projective spaces by means of vanishing of some hypercohomologies. In order 
to achieve our goal, first we prove the following version of Beilinson's Theorem. 

Theorem 5.11. Let C* be a perverse sheaf on P n , then there exists a spectral 
sequence E~ p ' 9 with E\-term of the form 

(35) E-™ =H 9 (C , (p))®n£„(p) 
for which the degree zero converges to 

(36) E*=° = C 
where i = q — p and p > 0. 

Proof. Let C be a perverse sheaf on P™. The proof is a generalization of the 
Beilinson's Theorem [38l Ch. II, §3] to the case of sheaf complexes. 

The Koszul resolution of the sheaf associated to the diagonal A = P™ in P™ x P™ 
is given by the complex K* defined by 

4 : B — ► O^i-j + 1) B - 1). 

Let pi and p2 be the two natural projections from P™ x P™ to P™. Twisting the 
resolution above by p\(C*) one obtain the double complex K" given by 

4 : c*(-i) h — > c\-j + 1) a - 1) 

d l c : m — ► C l+1 (-j) S3 

Let us denote by (T*(K),Dk) the total complex associated to the double com- 
plex K" . Then it is easy to see that the complexes T'(K) and C'\a are quasi- 
isomorphic, i.e., [T'{K)\ S [C*| A ] in D b (V n x P"). 

Let L'" be a triple complex such that for each term K %, ~i the complex 

q ^ K l '~i > L i,_ - ? ' 1 Dl ) U^i' 2 Dl ) ■ ■ ■ L i '~^ ,k Dk ) ■ ■ ■ 

is an injective resolution, i.e., the complex L m " can be seen as a generalized Cartan- 
Eilemberg resolution in the category of bounded complexes Kom h (P n x P"), where 
lji,-j,0 — jf»>-3. k-ih hypcrdirect images of the double complex K", with 
respect to the projection p 2 , can then be defined as in [18] by 

K k P2 *(K") :=K k D (p 2 *(L'")). 
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Then one has two spectral sequences with E 2 — terms 

=w dK {n« P2 *{K»)) 



'E™ =TV>p2.<F d (K")). 



Let us compute the 'E 2 — term. Since K" is a resolution of P$(C')\a, then one has 



It follows that 



and hence 



; \ otherwise. 



, E P, q= \ nP P2 *(pl(C')\ A ) for <z = 
2 I otherwise 



'E?' 9 



C iorp = q = Q 
^ 2 I otherwise. 
That is, the spectral sequence above degenerates at second step and converges to 

for p = q = 



otherwise. 

The Ei— term of the other spectral sequence is given by 
E^>« =ft«p2.(pi(A"'- p )) 

= n q p 2 ,(p*i(c'(-p)M% n ( P ))) 
= nip 2 . t (p*i(C{-p))®n p rn (p)) 

= W{C'{-p))®QP rn {p) 
where in the last step above we just used the projection formula. □ 

Twisting the Koszul resolution by ^(C*) and following the same reasoning, one 
also shows the following 

Theorem 5.12. Let C* be a perverse sheaf on P™, then there exists a spectral 
sequence E~ p ' q with Ei-term of the form 

(37) Er p ' 9 =H9(C*®Q£ n (p))®e> P n(-p) 
for which the degree zero converges to 

(38) E 4 =° = C 
where i = q — p and p > 0. 

We are finally ready to establish the cohomological characterization of perverse 
instanton sheaves on P" promised above. 

Theorem 5.13. Let C* be a perverse sheaf on P™. Consider the following state- 
ments: 

(1) C* is a perverse instanton sheaf; 

(2) C satisfies the following conditions: 

(i) for n > 2; H°(C"(-1)) = H"(C*(-n)) = 0; 

(ii) for n > 3; H 1 (C"(-2)) = H n-1 ((7*(l - n)) = 0; 

(iii) for n > 4; B?(C*(k)) = Vfc, for 2 < p < n - 2. 

T/ien (2) implies (1). Moreover if C is a perverse instanton sheaf of trivial splitting 
type, then the two statements are equivalent. 
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Proof. (2) (1). If C* satisfies (2) we claim that it is quasi-isomorphic to the 
following complex 

U l (C ® fijjL(l)) ® Opn(-l) H^C* ® Oj„) ® C P n A B 1 (C'(-1)) ® Opn(l). 

Indeed, the proof follows Thm. 3]. Since hypercohomology is cohomological 
functor [TB] it carries all the properties of the usual sheaf cohomology on short 
exact sequences (of complexes or of sheaves considered as complexes concentrated 
in degree zero) and their restriction to subschemes: given a hyperplane L C P", 
consider the restriction sequence 

— > C*(-l) — ► C" — ■» C"| L — > 

Clearly, H°(C"(-1)) = implies that H°(C"(fc)) = for fc < -1, while 
H n (C*(-7i)) = forces H°(C"(fc)) = for fc > -n. Since 

H°(C'(-1)) =H 1 (C , (-2)) = 0, 

it follows that H°(C"(-l)|i) = 0, hence B°(C'(k)\ L ) = for fc < -1. So we have 
the sequence 

o—>m 1 (c m {k-i))—^m 1 {c m {k)) 

for fc < -2, thus by induction H^C'O)) = for k < -2. 

Since M n (C*(-n)) = H'^^C^l - n)) = 0, it follows that H n_1 (C*(l — 7i)|z,) = 
0, hence by further restriction H" _1 (C*(fc)|L) = for fc > 1 — n. So we have the 
sequence 

W- l (C'{k - 1)) — y H'^^C'Cfc)) — ► 
for fc > 1 - n, thus by induction H"- 1 (C"(fc)) = for fc > 1 - n. 

We will show that W{C'{-1) ® f$„(p)) = for q = l,p > 3. This follows from 
repeated use of the exact sequence 

M q (C'(k))® m -> H^C^fc+l)®^^-!)) -> H 9 (C'(fc)«)^„(p)) -> H 9+1 (C'(fc)) e 

associated with the Euler sequence for p— forms on P" twisted by C (fc), [38j 
Ch.I,§l]: 

o->C(-i)« ng»(p) — > c(fc) em — > c'(-i) ® n?~ x (p) — > o. 

Al + l\ 

where <7 = 0, . . . , n, p = 1, . . . , n, and m = I ^ J . It is easy to see that 

H°(C"(fc) ® fi?„(p)) = for all p and fc < -1; 

H«(C*(-1) ® fi?»(n)) = H 9 (C"(-2)) = for all q; 

W(C'(-1)) = for all q ^ 1; 

H n (C"(fc) ® Qjp„(p)) = for all p and fc > -n. 

Setting q = n — 1, we also obtain 

H n_1 (C*(fc) ® fig»(p)) = for p < n - 1 and fc > -n - 1, 

and so on. The final step to get the claim is a matter of applying the vanishing of 
the hypercohomologies to Theorem 15.121 above. 

Now suppose C* is an instanton perverse sheaf of trivial splitting type on a line 
I in P n . By definition, C* is quasi-isomorphic to a complex of the form 

(39) 0p(-ifAo®:Ao P (if. 
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Then we have 

n°(C) ~ker0/ima 
n\C) ~ coker/3. 

We can break down (|39|) into three short exact sequences 

(40) 0— >ker/3— >0®„° -Aim/3— 

(41) — s-im/3 — ■+ C P "(l) ffic — — s-0 

(42) 0— ►<9 Pw (-i)® c J^kCTjS— ►«°(C") — ►(). 

Twisting (gDJl, 60 and (05]) by Opn(fe), with the right fc, we get 

for n > 2, H°(H°(C")(-1)) ~ H°(ker /3(-l)) = 

for n > 3, H n (ker/3(-n)) ~ ip-^im^-n)) ~ H n - a ('W 1 (C)(-n)) 

for n > 3, H 1 (H (C")(-2)) ~ H 1 (kcr/3(-2)) ~ H°(im/3(-2)) = 

for n > 4, H n_1 (H (C")(l - n)) ~ H"- X (ker 0(1 - n)) ~ H"- 2 (im 0(1 - n)) 

siH n - 3 (« 1 (C")(l-n)) 
forn>4, H p (H°(C*')(fc)) ~ H p (ker/3(fc)) ~ H p_1 (im/3(fc)), Vfc, for 2 < p < n - 2 

Now choose a flag of linear subspaces of P n as in the following 

where the index of each space is its dimension. By successive restrictions 

— > - 1) — > C"|l«(*) — ► C'U^^fc) — ► 0, 

one reaches the complex C'\g(k), on the line Z, which is quasi-isomorphic to Of r (k) 
by the trivial splitting type hypothesis. Applying the same reasoning in the proof 
of [33 Lemma 2.4], one obtains H n (K°(C")(-n)) = 0. Now the rest of the proof is 
a matter of using the vanishing properties above to the spectral sequence defining 
hypercohomology: 

Let (C* ,d) be a complex of sheaves and (C", D) the Cartan-Eilcmbcrg complex 
obtained by taking the Cech resolution of every term. Let D = d + S be the total 
differential, where 6 is the Cech differential. The defining spectral sequences for 
the hypercohomology of a complex C, i.e., 

£f« =H*(H«(C")) 
'£f"=Hj(H3(C»')) 
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converge to E^ q = M p+q (C*). For the complex (C'(k), d), one can easily compute 
the E2— term of the spectral sequence 'E p ' q , given by 

... 



Hg(Q) 
























where we put B° d (C"(k)) := T and H^(C*"(/c)) := Q. The differential of this term 
is d 2 : 'El' q -> '£f +2 ' 9 ~\ vanishing everywhere but for d 2 : '^f' 1 -> '^ +2 '°, as 
in the diagram above. Since the cohomology Hd r (E r ) is canonically isomorphic to 
E r+ i then the third term of the spectral E3 is of the following form: 

























^3 

















where the terms are given by 



Hf-"(Q) 



p = 
p= 1 
p > 2 



Since the differential c?3 is identically zero, then the spectral sequence degenerate, 
ft follows that 

f Hg(^) p = 



nr (C) 



1 

p > 2 



and we are done. 



□ 



Following [20l Def. 5.1], we say that a perverse instanton sheaf on Y is stable if 
it comes from a stable ADHM data over Y. In this sense, every instanton sheaf is 
stable as a perverse instanton sheaf. It also follows that the GIT quotient A4y is 
a (fine) moduli space of stable framed perverse instanton sheaves on Y. However, 
it would be interesting to have an intrinsic definition of stability in the derived 
category for perverse instanton sheaves that does not refer to the underlying ADHM 
data. 
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